
LOCAL RIGIDITY AND GROUP COHOMOLOGY I:

STOWE’S THEOREM FOR BANACH MANIFOLDS

Victor Brunsden

Abstract. Stowe’s Theorem on the stability of the fixed points of a C2 action of
a finitely generated group Γ is generalised to C1 actions of such groups on Banach
manifolds. The result is then used to prove if a φ is Cr action on a smooth, closed,
manifold M satisfying H1(Γ, Dr−1(M)) = 0, then φ is locally rigid. Here, r ≥ 2 and
Dk(M) is the space of Ck tangent vector fields on M . This generalises a local rigidity
result of Weil for representations of a finitely generated group Γ in a Lie group.

0. Introduction

Let Γ be a finitely generated group. Given a topological group G, the set of
representations of Γ in G will be denoted by R(Γ, G). This can be given the
structure of a topological space by taking the topology to be the compact-open
topology. The compact-open topology may also be shown to be the topology of
uniform convergence on finite sets of generators of Γ. Given φ ∈ R(Γ, G), it is
natural to try to determine the local structure of R(Γ, G) in a neighborhood of φ.
For the case of G a Lie group with Lie algebra g, a classical result of Weil [14]
states that if H1(Γ, gadφ) = 0, then all representations ψ of Γ in a sufficiently small
neighborhood of φ in R(Γ, G) are conjugate to φ via an element of G. The subscript
adφ refers to the action of Γ on g via the composition of φ with the adjoint action
ad of G on g. A representation φ of Γ with this property is said to be locally rigid.
The first cohomology group H1(Γ, gadφ) may be computed using techniques such
as those developed by Matsushima and Murakami [9].

Recently, there has been interest in extending this body of theory to a broader
class of topological groups. Of interest is the diffeomorphism group Diff∞(M)
of a smooth closed manifold M . The analog of the Lie algebra for Diff∞(M) is
D∞(M), the space of C∞ tangent vector fields on M and the analog of adφ is φ∗.
A representation of Γ satisfying H1(Γ, D∞(M)φ∗) = 0 is said to be infinitesimally
rigid. Zimmer [15] conjectured that, as for Lie groups, infintesimal rigidity implies
local rigidity. The aim of this paper is to provide a partial answer in the affirmative
to this.

Rather than proceed directly, the approach presented here follows Fleming’s
observation that [7], Weil’s original result may be deduced from a result of Stowe
[13]. Stowe’s theorem says that if φ ∈ R(Γ,Diff 2(M)) fixes a point p ∈ M , (here
M is assumed a smooth, finite dimensional manifold satisfying H1(Γ, TpMdφ) = 0,
then p is stable; i.e. for all neighborhoods U of p in M , there is a neighborhood W
of φ in R(Γ,Diff 2(M)) so that every ψ ∈ W has a fixed point in U . The notation
dφ refers to the linearization of φ at the fixed point p. The fundamental theorem
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of this paper is a fixed point result generalizing Stowe’s Theorem. For notational
convenience, let Actr(Γ,M) be R(Γ,Diff r(M)) where 1 ≤ r ≤ ∞.

Theorem 3.4. Let Γ be a finitely generated group, M a C2 manifold modelled on
a Banach space V , φ ∈ Act1(Γ,M) an action of Γ on M fixing a point p ∈ M
satisfies H1(Γ, Vdφ) = 0, then, p is stable.

Evidence for Zimmer’s conjecture is provided by the following

Corollary 4.3. Let M a smooth, closed manifold and φ ∈ Actr(Γ,M) a Cr action
of Γ on M satisfying H1(Γ, Dr−1(M)φ∗) = 0. Then, there is a neighborhood U of φ
in Actr(Γ,M) so that any ψ ∈ U is conjugate to φ by an element f ∈ Diff r−1(M),
where 2 ≤ r < ∞.

§1 presents the basics needed for our discussion of Banach manifolds. While
these manifolds are in general nothing more exotic than Banach manifolds, Fréchet
spaces and other locally convex spaces do make an appearance and the needed
results and notational conventions are given in 1.1. §1.2 presents the material that
we will need to define the topologies on various spaces of mappings from a Banach
manifold to itself. Much of this is patterned after treatments of Eells [5] or Lang
[8]. Cohomology is the subject of §2. More specifically, when the coefficient module
V carries the structure of a locally convex space a presentation of Γ induces a
topology on the set of cocycles associated to a Gruenberg resolution. The properties
of this topology and the quotient topology inherited by the cohomology groups is
investigated in §2.2. The main result is Theorem 2.5; for the coefficient module
a Fréchet space and Γ finitely generated, the (twisted) cohomology groups with
coefficients are Hausdorff in dimensions ≥ 2. This result relies on the vanishing
of the higher dimensional cohomolgy for a free group. This is then used to derive
the approximation result, Theorem 2.7. The idea is to approximate a cochain in
a cochain complex of Fréchet spaces by a cocycle. This is done by examining
its image under the coboundary map. The required approximating cocycle may
then be constructed by identifying this image with the image of an elment of the
quotient of the space of cochains modulo cocycles under the natural injection. This
leads to useful information only if the range of the coboundary map is closed.
This approximation result is used in §3 to give apriori estimates for constructing
cocycles from an action “close” to the original action. The main result, Theorem
3.4 then follows. The proof is constructive and differs from Stowe’s even in the
finite dimensional case. The theorem is then applied in §4 to derive the analog of
Weil’s theorem for Diff r(M) (r finite) and so confirm Zimmer’s conjecture in this
case.

This paper is an extension of the author’s Ph.D dissertation at Binghamton
University (formerly SUNY Binghamton). I would like to thank the faculty in the
Department of Mathematical Sciences for their support. Most especially, I would
like to thank my advisor, Tom Farrell for his very generous help and encouragement.
I would also like to thank Nantian Qian for pointing out an error in a previous
version of this paper.

1. Preliminaries

Banach Manifolds and Topological Vector Spaces. All vector spaces are
assumed real. Exceptions will be explicitly indicated. As always, for a locally
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convex topological vector space V , V ′ is its dual (= continuous, linear functionals),
V ∗ is V ′ with the topology of uniform convergence on bounded subsets of V and
the bidual V ∗∗ is the space V ∗′ equipped with the topology of uniform convergence
on bounded subsets of V ∗.

Sources for material on Banach manifolds are Omori [10], Ebin and Marsden
[6], Eells [5] or Lang [8]. Let V be a Banach space. A paracompact, Hausdorff
space M is a Banach manifold modelled on V , r ≥ 0 if there is a collection of pairs
(called charts) (U, φ)U∈U where U is an open covering of M and φ : U → V is a
homeomorphism of U to an open subset of V . M is a Cr Banach manifold if for all
charts (U, φ) and (V, ψ) with U∩V 6= ∅, the mapping φ◦ψ−1 : ψ(U∩V ) → φ(U∩V )
is a Cr mapping. As in the finite dimensional case the tangent bundle TM of a Cr

Banach manifold M is defined to be the Cr−1 Banach manifold modelled on the
Banach space V ×V with charts (U ×V, φ×dφ)U∈U . The notions of a Cr mapping
between such spaces, its derivative and k-jet are as in the finite dimensional case
and may be found in the previously mentioned references as well as in Deimling [4].

With the above definitions of a Banach manifold, it is a classical result that the
group Diff r(M) of Cr diffeomorphisms of a smooth, closed manifold M , is itself a
C∞ Banach manifold with model Banach space, the space Dr(M) of Cr tangent
vector fields to M equipped with the topology of uniform convergence of derivatives
of order ≤ r on compact subsets of M . The proof may be found in Ebin and
Marsden [6], Omori [10], Eells [5] or Abraham [1]. With multiplication in Diff r(M)
given by composition, Diff r(M) becomes a topological group that is also a Banach
manifold (not however, a Banach Lie group as right multiplication is not smooth).
Another example of an infinite dimensional topological group having the structure
of a Banach manifold is Cr(M, G), the space of Cr maps from a smooth, closed
manifold M to a Lie group G. Again the topology is that of uniform convergence
of all derivatives of order ≤ r on compact subsets of M and with this topology, it
is a Banach Lie group.

The space R(Γ, G). Let G be a topological group and Γ a finitely generated group.
Fix a presentation

1 −→ R −→ F −→ Γ −→ 1

of Γ, where F is free on a finite subset S of Γ and R is the kernel of the epimorphism
mapping F to Γ. Let S consist of the elements γ1, . . . , γn and R be freely generated
(see Robinson [12]) by r1, r2, r3, . . . where ri ∈ F for i = 1, . . . n. If ψ : Γ → G is a
homomorphism, then clearly ψ need only be specified on generators. In particular,
since ψ is a homomorphism,

ψ(r(γ1, . . . , γn)) = r(ψ(γ1), . . . , ψ(γn))

for all r ∈ R. Suppose that ψ(γi) = gi for i = 1, . . . , n, then

r(g1, . . . , gn) = 1G

for all r ∈ R. Conversely, given g1, . . . , gn ∈ Gn that satisfying

r(g1, . . . , gn) = 1G

for all r ∈ R, assigning ψ(γi) = gi for i = 1, . . . , n defines a homomorphism ψ : Γ →
G. In this fashion, for a presentation of Γ as described above, the set Hom(Γ, G),
of homomorphisms from Γ to G may be regarded as the subset

{(g1, . . . , gn) ∈ Gn|r(g1, . . . , gn) = 1G for all r ∈ R}
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of Gn. Gn with the product topology thus induces a topology on Hom(Γ, G). It
is straightforward to check that this topology is independent of the presentation
and coincides with the compact-open topology on Hom(Γ, G) when Γ is given the
discrete topology. We define R(Γ, G) to be Hom(Γ, G) equipped with this topology.
If M is a smooth closed manifold, let Actr(Γ,M) be the space R(Γ,Diff r(M)),
where Diff r(M) is given the topology of uniform convergence of derivatives of order
≤ r on compact subsets of M .

Finally, we define the Fox derivative. Given a presentation of Γ,

1 −→ R −→ F −→ Γ −→ 1

where F is free on S ⊂ Γ as above, ψ ∈ Hom(Γ, Aut(A)) and (a1, . . . ) ∈ A|S|, the
Fox derivative of w ∈ F is defined as follows. Composition of ψ with the quotient
homomorphism F −→ Γ gives a homomorphism which will also be denoted by
φ. Let S = {γi}i∈I , given {ai}i∈I where ai ∈ A there is a φ̂ ∈ Hom(F,Aff(A))
with φ̂(γi)(a) = φ(γi)(a) + ai for all i ∈ I. The Fox derivative of w ∈ F written
dwφ(a1, . . . ) is then defined to be φ̂(w(γ1, . . . ))(0). The Fox derivative satisfies
d(w1w2)φ(a1, . . . ) = d(w1)φ(a1, . . . ) + φ(w1(γ1, . . . ))(d(w2)φ(a1, . . . )) for all words
w1, w2 ∈ F .

2. Cohomology

Fréchet Spaces. The following results will be useful for dealing with the Fréchet
spaces that occur in this paper. The first of these may be found in [2] as Proposition
12 of II.4.7.

Proposition 2.1. Let V and W be two Fréchet spaces and F a continuous linear
mapping from V onto W . Then there exists a section of F that is continuous though
not necessarily linear.

In the following, a normed Fréchet space is a Fréchet space equipped with a
continuous norm ‖ ‖. Note that the norm does not define the topology unless the
space happens to be a Banach space. An example of such a space is the space of
C∞(M) real valued functions on a smooth, compact manifold M with ‖ ‖ being
the C0 norm. With these conventions, Proposition 2.1 can be strengthened to

Proposition 2.2. Let V be a normed Fréchet space with norm ‖ ‖ and X a closed
subspace. Assume that Y = V/X with F : V → Y the quotient mapping is also
a normed Fréchet space with norm ‖ ‖Y . Then for any η > 0 there is a section
σ : Y → V with

‖σ(y)‖ ≤ (1 + η)‖y‖Y

Proof. Let τ : Y → V be the section of F given by Proposition 2.1. For all y ∈ Y
there is a (non unique) x ∈ X so that ‖y‖Y + η > ‖τ(y) + x‖. As τ is continuous,
there is an open neighbourhood Wy of y so that ‖y′‖Y + η > ‖τ(y′) + x‖ for all
y′ ∈ Wy. The collection {Wy| y ∈ Y } is an open cover of Y . As Y is paracompact,
there is a locally finite subcover {Ui}i∈I and constant mappings {ti : Y → X}i∈I

so that ‖y‖Y + η > ‖τ(y) + ti(y)‖ for all y ∈ Ui. If χi is a partition of unity
subordinate to the cover {Ui}i∈I then the section τ1(y) = τ(y) +

∑

i∈I χi(y)ti(y)
satisfies ‖τ1(y)‖ < ‖y‖Y + η for all y ∈ Y . Define σ on Y − {0} by

σ(y) = ‖y‖Y τ1(
y

‖y‖Y

)
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By construction it satisfies the desired inequality and is clearly continuous on Y −
{0}. Extending σ to all of Y by σ(0) = 0 completes the construction of σ. �

Chain Complexes. The cohomology groups occurring in this paper arise from
(co-)chain complexes built out of the coefficient group (always a Fréchet space in
this context) and a projective Z[Γ] resolution of Z. The cochain groups inherit
a topology from the coefficients that depends on the resolution. Therefore the
cohomology groups of such a complex inherit a topology as sub-quotients of the
complex that is a-priori dependent on the topology of the complex. For cohomology
with coefficients in a Fréchet space, this will be shown to be independent of the
resolution. Given a cochain complex (C•, ∂•)

C0 ∂0

−→C1 ∂1

−→C2 ∂2

−→ . . .

let Zi(C•) = ker(∂i) denote the cocoycles in degree i and Bi(C•) = im(∂i−1) the
coboundaries in degree i. Usually, a cochain complex will simply be referred to as
C• with the coboundary operators ∂• being understood. The complexes arise by
applying the functor HomΓ( , V ) to a projective Z[Γ] resolution

. . .
∂n+1−→Pn

∂n−→Pn−1
∂n−1−→ . . . ∂1−→P0

∂0−→Z ∂−→0

of Z. As this type of construction will occur repeatedly throughout this section,
it will be worthwhile to record some of the topological properties inherited by the
image of the functor HomΓ(, V ) when V is a Fréchet space in the following. For
any (countable) ring R together with a countably generated R module T and action
of R on a Fréchet space V via continuous linear transformations, the abelian group

HomR(T, V ) ⊂ Πt∈T V

may be given the topology of a Fréchet space by first giving Πt∈T V the product
topology (so making it a Fréchet space) and then considering HomR(T, V ) as the
subspace of Πt∈T V defined by

HomR(T, V ) = (∩t,t′∈T L−1
t,t′(0))

⋂

(∩r∈R,t∈T M−1
r,t (0)

where Lt,t′(x) = x(t) + x(t′) − x(t + t′) and Mr,t(x) = r.x(t) − x(rt) and function
notation is used for the product Πt∈T V . Clearly, both Lt,t′ and Mr,t are continuous
on Πt∈T V and so HomR(T, V ) is a closed subspace of Πt∈T V . Therefore, if V is a
Fréchet space, so is HomR(T, V ) if T is countable. Similarly, applying HomR( , V )
to f ∈ HomR(S, T ) produces a map of topological vector spaces that may be
verified to be continuous when both HomR(T, V ) and HomR(S, V ) are given the
topology outlined above. Moreover, if T is free as an R-module on a set X, then
as a Fréchet space

HomR(T, V ) = Πx∈XV

and if S ⊂ T is a projective submodule (i.e. S is a direct summand of T ), then it
is straightforward to verify that HomR(S, V ) is a direct summand of HomR(T, V ).
Furthermore, if f ∈ HomR(T, S) is a surjective R-homomorphism then the induced
map of Fréchet spaces f∗ : HomR(S, V ) → HomR(T, V ) is continuous. Moreover,
since

f∗HomR(S, V ) = {g ∈ HomR(T, V )|g(ker(f)) = 0}
this exhibits im(f∗) as a closed subspace of HomR(T, V ). As this construction will
be used repeatedly in this section, here is a summary of them in the following
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Lemma 2.3. If V is a Fréchet space, R a (countable) ring acting via continuous
linear transformations on V , then

(1) HomR( , V ) takes countable R-modules to Fréchet spaces and
(2) R-module homomorphisms to continuous linear maps of Fréchet spaces
(3) Projective, countably generated R-modules to direct summands of countable

direct products of V .
(4) If f ∈ HomR(T, S) is a surjective R-homomorphsim, f∗HomR(S, V ) is a

closed subspace of HomR(T, V ).

Applying Lemma 2.3 to the ring Z[Γ] and a projective Z[Γ] resolution of Z gives
a cochain complex (C•, ∂•)

0 ∂−→HomΓ(Z, V ) ∂0

−→HomΓ(P0, V ) ∂1

−→HomΓ(P1, V ) ∂2

−→ . . .

where the modules in the complex are Fréchet spaces and the coboundary maps
are continuous maps of Fréchet spaces. We say that a cochain complex C• is a
cochain complex of locally convex topological vector spaces if each Ci is a locally
convex, topological vector space and the coboundary maps ∂i : Ci → Ci+1 are
continuous and is a Fréchet cochain complex if in addition each Ci is a Fréchet
space. Therefore, the above considerations imply that a resolution by countably
generated projective modules gives rise to a Fréchet cochain complex if V is itself
a Fréchet space. The cohomology groups of such a complex will inherit a topology
from the complex that a-priori depends on the resolution. For the case of a complex
whose cohomology is Γ cohomology with Fréchet space coefficients, we will show
this to be independent of the resolution.

Lemma 2.4. Let C• and D• be two cochain complexes of locally convex topological
vector spaces, f• : C• → D• a (continuous) morphism and i ∈ N. Then if f i

∗ :
Hi(D•) → Hi(C•) is bijective, the topology induced on Hi(C•) by pulling back the
topology on Hi(D•) via f•∗ is coaser than the topology on Hi(C•) coming from C•.

Proof. By definition, for any cohomology class, z + Bi−1(C•) in Hi(C•)

f i
∗(z + Bi−1(C•)) = f i(z) + Bi−1(D•)

As f• is continuous, the induced map on the quotient Zi(C•)/Bi(C•) is continuous
and the result follows. �

Given two projective Z[Γ] resolutions P• → Z and P ′• → Z of Z, the induced
homotopy equivalence of the resolutions ε : P• → P ′• and ε′ : P ′• → P• induce
continuous maps of the cochain complexes ε• : HomΓ(P ′•, V ) → HomΓ(P•, V )
and ε′• : HomΓ(P•, V ) → HomΓ(P ′•, V ) for any coefficient module V carrying the
structure of a locally convex topological vector space with a continuous Γ action.
Therefore, the previous Lemma implies that the topologies induced on H•(Γ, V )
from either resolution are identical. In this fashion, we may talk about the topology
on H•(Γ, V ) being induced from the topology on V .

The previous considerations show that the cochain complex HomΓ(P•, V ) with
P• countably generated and V a Fréchet space is a Fréchet chain complex. More-
over, if Γ is FPn (i.e. there is a projective Z[Γ] resolution P• of Z with Pi finitely
generated for all i ≤ n, then, if V is a Banach space, so is HomΓ(Pi, V ). Following
Borel and Wallach [3], we say that a cochain complex of locally convex topological
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vector spaces V • has Hausdorff cohomology in dimension i if Hi(V •) is Hausdorff
and has Hausdorff cohomology if Hi(V •) is Hausdorff for all i, equivalently if im(δi)
is a closed subspace of V i+1. Similarly, we shall say that Hi(Γ, V ) is Hausdorff if
HomΓ(P•, V ) has Hausdorff cohomology in dimension i for at least one (hence any)
projective Z[Γ] resolution P• of Z.

A Fréchet cochain complex computing the cohomology of a finitely generated
group Γ may obtained from the Gruenberg Resolution corresponding to a presen-
tation

1 −→ R −→ F −→ Γ −→ 1

of Γ where F is a free group on a finite set of generators S ⊂ Γ. The Gruenberg
resolution associates to such a presentation a free Z[Γ] resolution P•

. . .
∂n+1−→Pn

∂n−→Pn−1
∂n−1−→ . . . ∂1−→P0

∂0−→Z ∂−→0

of Z, where the Pis are countably generated if Γ is. The modules Pn are defined
via

P2n+1 =IF I
n
R/IF I

n+1
R

P2n =I
n
R/I

n+1
R

where IG is the kernel of the G map Z[G] → Z and IN = Z[G]IN is the kernel of
the homomorphism Z[G] → Z[G/N ] for any normal subgroup N of a group G. The
coboundary maps are defined by ∂n(f)(x) = f(∂n(x)) for f ∈ HomΓ(Pn, V ). A
full treatment of the construction of these can be found in [12].

For our purposes, the important result on Hausdorff cohomology is...

Theorem 2.5. If Γ is a finitely generated group acting via continuous linear
transforamtions on a Fréchet space V then the Fréchet cochain complex C• =
HomΓ(P•, V ) has Hausdorff cohomology in dimension ≥ 2

Proof:. It suffices to show that ∂• : HomΓ(P•, V ) → HomΓ(P•+1, V ) is open, as
then the subspace topology on im(∂•) coincides with the quotient topology on
HomΓ(P•, V )/ker(∂•). As the quotient is a Fréchet space, this shows that the
image of ∂• is closed and so H• is Hausdorff. The idea of the proof is map the
complex C• to another Fréchet cochain complex C

•
with vanishing cohomology for

• > 1. With some care, C• will be embedded as a closed subcomplex of C
•

and
so B•(C

•
) = im(∂

•
) will be a closed subspace of HomΓ(P•, V ) for • > 1. The

particular complex chosen computes H•(F, V ) where 1 −→ R −→ F −→ Γ −→ 1
is a presentation of Γ and V is given the structure of a Z[F ] module via the natural
homomorphism F −→ Γ −→ GL(V ) induced by the presentation and the action of
Γ on V .

Let P• be any free Z[Γ] resolution of Z. Given a presentation 1 → R → F →
Γ → 1 of Γ, construct a free Z[F ] resolution P • of Z with a surjective Z[F ] homo-
morphism σ• : P • → P• of resolutions as follows. For the initial segment

P0 −→ Z −→ 0

by regarding P0 as a Z[F ] module in the fashion described above, let P 0 be a free
Z[F ] module mapping surjectively to P0 via σ0 and ∂0 = ∂0(σ0) be the composition
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of this homomorphism with ∂0 so that
P0

∂0

−→ Z −→ 0
x




σ0

x



Id

P 0
∂0

−→ Z −→ 0

commutes. Proceeding by induction, assume that (P •, ∂•) has been constructed
for • ≤ n. Let Qn+1 be free Z[F ] module with a surjective Z[F ] homomorphism
sn+1 to Pn+1 and Qn+1 a free Z[F ] module with a surjective homomorphism dn+1

to ker(∂n : Pn → Pn−1). By inductive hypothesis, σn : Pn → Pn is surjective
and is also a map of complexes, hence we may lift σn◦sn+1 to a homomorphism
rn+1 : Qn+1 → Qn+1 and similarly define a lift rn+1 : Qn+1 → ker(∂n) of sn+1 so
that the diagrams

Pn+1
∂n+1−→ Pn

∂n−→
x




sn+1

x




σn

Qn+1
rn+1−→ ker(∂n)

and

Pn+1
∂n+1−→ Pn

∂n−→
x




rn+1

x




σn

Qn+1
dn+1−→ Pn

∂n−→
commute. Now define Pn+1 = Qn+1 ⊕ Qn+1, σn+1 = rn+1 + sn+1 and ∂n+1 =
dn+1+rn+1. Clearly this completes the inductive step. Moreover, if P• is countable,
then clearly P • may be chosen to be countable for all • ≥ 0.

Embed HomΓ(P•, V ) into HomF (P•) via the natural action F on P• and V
coming from the quotient homomorphism π : F → Γ. Let σ• : HomF (P•, V ) →
HomF (P •, V ) be the composition of this identification with σ∗• : HomF (P•, V ) →
HomF (P •, V ) which by construction is a morphism of Fréchet cochain complexes.
The definition of P • and σ• embeds σ•(HomF (P•, V )) as the closed subspace {f ∈
HomF (P •, V )| f(p + r) = f(p) for all r ∈ ker(σ•)} of HomF (P •, V ).

By construction, the Fréchet cochain complex HomF (P •, V ) has cohomology
groups H•(F, V ) which are 0 for • ≥ 2. Therefore the subspace topology on im(∂

•
)

is identical to the quotient topology on C
•
/ker(∂

•
) for • ≥ 1 where

C
•

= HomF (P •, V ).

Now consider the diagram
C
• −→ C

•+1
x



σ•
x



σ•+1

C• −→ C•+1

for • ≥ 1. Choosing the complex P • to be countably generated for each • gives a
Fréchet cochain complex. Choose a (continuous) section d• : im(∂

•
) → C

•
of ∂

•

with d•(0) = 0. The section d• gives rise to a homeomorphism of topological spaces
(though not an isomorpshim of Fréchet spaces)

(Id− d•∂
•
)⊕ ∂

•
: C

• → ker(∂
•
)⊕ im(∂

•
)

with inverse
ι + d• : ker(∂

•
)⊕ im(∂

•
) → C

•

where ι : ker(∂
•
) → C

•
is the inclusion. However there are neighborhoods Y and

Z of 0 in ker(∂
•
) and im(∂

•
) respectively, so that

(σ•)−1((ι + d•)(Y ⊕ Z) ⊂ U

Clearly, Z ⊂ ∂•(U) and so ∂•(U) is open in im(∂•) as required. �
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Lemma 2.6. Let C• be a Fréchet cochain complex with Hausdorff cohomology in
dimension 2. Then for any seminorm p on Ci there is a seminorm q on C1 so that

inf
z∈Z1

p(c + z) ≤ q(∂1(c))

for all c ∈ C1.

Proof. By assumption B2(C•) ≤ C2 is a closed subspace and so is a Fréchet space.
Hence, ∂1 : C1 → B2(C•) is a continuous surjective linear map of Fréchet spaces
and so by Proposition IV 4.1.1 of Bourbaki [B], B2(C•) is isomorphic (as a Fréchet
space) to C1/Z1(C•). The topology on the quotient space C1/Z1(C•) is given
by seminorms of the form inf

z∈Z1
p( +z). The result now follows since any set of

seminorms on B2(C•) giving the Fréchet space topology for B2(C•) is equivalent
to the above set of seminorms on B2 = C1/Z1(C•). �

The low dimensional cohomology groups can be given the following interpreta-
tions. The 0-th cohomology group may be identified as

H0(Γ, V ) = {v ∈ A|v = ϕ(γ)v for all γ ∈ Γ}.

The group of 1-cocycles may be interpreted to be

Z1(Γ, V ) = {z : Γ → V |v 7→ ϕ(γ)v + z(γ) ∈ Hom(Γ,Aff(V ))}.

A function z : Γ → V satisfying this condition is called a crossed homomorphism.
The subgroup consisting of the coboundaries may be interpreted as the set of all
cocycles for which there is an a ∈ A which is fixed by this affine action. That
is, ϕ(γ)a + z(γ) = a for all γ ∈ Γ. They are referred to as principal crossed
homomorphisms. The first cohomology group with coefficients in A is then the
quotient of the group of crossed homomorphisms by the group of principal, crossed
homomorphisms.

For the Gruenberg resolution corresponding to the presentation 1 −→ R −→
F −→ Γ −→ 1, there is an exact sequence

Z1(F, A)
ρ−→HomΓ(Rab, A)−→H2(Γ, A)−→0

that will provide useful estimates for approximating cochains by cocycles [12 , Thm
11.4.9].

Theorem 2.7. Let V be a Fréchet space, ψ ∈ R(Γ, V ) with 1 −→ R −→ F −→
Γ −→ 1 a presentation of Γ with F finitely generated by S ⊂ Γ and R generated by
T = { r1, r2, . . . , } ⊂ F . Let {pn}n∈N be an increasing set of seminorms defining
the topology on V , i.e. pn ≤ pm for all n < m. Then for any n ∈ N there are
m ∈ N and Kn > 0 so that

inf
z∈Z1(Γ,V )

pn(c + z) ≤ Knqm(∂1(c))

where qm is the continuous seminorm on HomΓ(Rab, V ) defined by

qm(h) = max
i≤m

pm(h(ri)).
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for h ∈ HomΓ(Rab, V )

Proof. By Theorem 2.5, B2(Γ, V ) is a closed subspace of Z2(Γ, V ) and so is a
Fréchet space and so ∂1 : C1(Γ, V ) → B2(Γ, V ) is a continuous, surjective linear
map of Fréchet spaces. By Proposition IV 4.1.1 of [2], given two Fréchet spaces
X and Y , a continuous linear mapping L : X → Y is surjective linear mapping
of Fréchet spaces iff for every continuous seminorm p on X there is a continuous
seminorm q on Y with inf

x′∈rm ker(L)
p(x + x′) ≤ q(L.x) for all x ∈ X. Applying this

to X = C1(Γ, V ), Y = B2(Γ, V ) and L = ∂1, for every continuous seminorm p on
C1(Γ, V ) there is a seminorm q̂ on B2(Γ, V ) with

inf
z∈Z1(Γ,V )

p(c + z) ≤ q(∂1(c))

for all c ∈ C1(Γ, V ). Note that the collection of seminorms {qm}m∈N form a fun-
damental system of seminorms for the topology on HomΓ(Rab, V ) and that for m1
≤ m2, qm1 ≤ qm2 . Therefore, for all n there is a seminorm qn on HomΓ(Rab, V ) so
that

inf
z∈Z1(Γ,V )

pn(c + z) ≤ qn(∂1.c)

Put Un = {h ∈ HomΓ(Rab, V )| qn(h) < 1} and Um = {h ∈ HomΓ(Rab, V )|
qm(h) < 1}. By definition, the sets λUm for λ > 0 form a fundamental system
of neighborhoods of 0. Consequently, Un contains a neighborhood U of 0 of the
form U =

⋂

i=1,... ,N

λUmi . Put λ = min{ λm1 , . . . , λmN } and m = max {m1, . . . ,

mN}. Therefore λUm ⊂ U and so Um ⊂ 1
λ

U ⊂ 1
λ

Un and so qn(h) = inf{λ ≥ 0|

h ∈ λUn} ≤
1
λ

qm(h) for all h ∈ HomΓ(Rab, V ). This provides the conclusion of

the proof with Kn =
1
λ

. �

Theorem 2.7 forms the basis for approximating cochains by cocycles. The idea
is that a cochain whose image under the coboundary map is small, must have a
small seminorm in an appropriate seminorm on the quotient of the cochains by the
coboundaries. Combining this estimate with the (not necessarily linear) section of
the coboundary map produces a cocycle approximating the original cochain. The
following Corollary makes this idea precise for the case of V a Banach space.

Corollary 2.8. With the hypotheses of theorem 2.7 and the additional assumption
that V is a Banach space with norm ‖ ‖, there is an n ∈ N and a K > 0 so that
for any c ∈ C1(Γ, V ) there is z ∈ Z1(Γ, V ) satisfying

‖c− z‖ ≤ K min
1≤i≤n

‖(∂1c)(ri)‖

Proof. By Theorem[] there are m ∈ N and Km > 0 so that

inf
z∈Z1(Γ,V )

‖c + z‖ ≤ Km min
1≤i≤m

‖(∂1c)(ri)‖.
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By Proposition 2.2, there are also a constant L > 0 and a section τ : C1/Z1 → C1

satisfying
‖τ(c + Z1(Γ, V ))‖ ≤ L inf

z∈Z1(Γ,V )
‖c + z‖

Applying the previous Theorem by setting pn = pm = ‖ ‖ (since V is a Banach
space), inf

z∈Z1(Γ,V )
‖c + z‖ ≤ Kn min

1≤i≤n
‖∂1(c)(ri)‖. Hence,

‖c− (c− τ(c + Z1(Γ, V )))‖ ≤ LKn min
1≤i≤n

‖∂1(c)(ri)‖

completing the proof with K = LKn and z = c− τ(c + Z1(Γ, V ))). �

3. Stability

Preliminaries. Several preliminary results needed for the proof of the main the-
orem will be collected here. Some of these are fairly simple and are folklore, for
these the proofs will be omitted or only briefly indicated. There are one or two
of these results for which full proofs will be given however. Fix a presentation
Γ =< γ1, . . . , γn|r1, . . . > with the corresponding short exact sequence of groups
1 −→ R −→ F −→ Γ −→ 1 where F is freely generated by γ1, . . . , γn and R is
freely generated (by the Nielsen-Schrier Theorem, Theorem 6.1.1 of [12]) by r1, . . . .
For the remainder of the chapter, this will be fixed.

The first result is a routine application of the identity

F (y) = F (x) +
∫ 1

0
dF (x + λ(y − x)).(y − x) dλ

for any C1 mapping F : X → Y of a Banach space X to a Banach space Y .

Lemma 3.1. Let F be a C1 function from a Banach space X to a Banach space Y
and U ⊂ X a closed, bounded, convex subset of X. If A ∈ CL(X, Y ) satisfies ‖Ax−
dF (u).x‖Y ≤ ε‖x‖X for all x ∈ X and u ∈ U then ‖F (y)− F (x)−A(y − x)‖Y ≤
ε‖y − x‖X for all x, y ∈ U .

The next results apply the results of the previous section to constructing the nec-
essary estimates for approximating a C1 Γ action by cocycles in the neighbourhood
of a fixed point of a fixed Γ action.

Proposition 3.2. Let V a Banach space, Γ a finitely generated group, with pre-
sentation as above, φ ∈ Act1(Γ, V ) an action that fixes 0 and Φ ∈ R(Γ, GL(v)) the
action of Γ on V obtained by linearizing φ at 0. Let Fn ⊂ F be the subset of F
consisting of reduced words in F whose reduced length is less than n ∈ N. For any
n ∈ N there are constants Ln and Kn > 0 depending only on n, so that for any
convex, bounded neighborhood U ⊂ V of 0 there are neighborhoods W ⊂ Act1(Γ, V )
of φ and convex U ′ ⊂ U of 0 so that for any neighborhoods W ′ ⊂ W and convex
Û ⊂ U ′ of φ and 0 respectively of the form

W ′ = {ψ ∈ W | ‖ψ(γ)(x)− φ(γ)(x)‖ ≤ ε0 and

‖dψ(γ)(x).v − dφ(γ)(x).v‖ ≤ ε1‖v‖ for all x ∈ U, v ∈ V and γ ∈ S}
Û ⊂ {x ∈ U ′| ‖dφ(γ)(x).v − dφ(γ)(0).v‖ ≤ ε1‖v‖} for all v ∈ V and γ ∈ S}
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where ε0, ε1 > 0, then for all x, y ∈ Û ,

‖ψ(w)(x)− Φ(w).(x− y)− y − dwΦ(ψy)‖ ≤ ε1(Ln‖x− y‖+ Kn‖ψy‖)

where ψy is the element of C1(Γ, V ) defined by ψy(γi) = ψ(γi)(y) − y for i =
1, . . . , n.

Proof. Let E : V ×Act1(Γ, V ) → V |Fn| be the function

E(x, ψ)w = ψ(w(γ1, . . . , γn))(x) for all w ∈ Fn.

Continuity of the evaluation map ev : V × Act1(Γ, V ) → V and the hypothesis
that φ(γ)(0) = 0 ∈ U for all γ ∈ Γ imply that there are neighborhoods W of φ in
Act1(Γ, V ) and Un of 0 in V so that E(x, ψ) ∈ U |Fn| for all (x, ψ) ∈ Un×W . Since
the trivial word w = 1 ∈ Fn for all n ∈ N it is clear that Un ⊂ U . Moreover, Un

may be chosen so that Un ⊂ Ûn−1 and is convex for all n > 1. The neighborhoods
W and Un are the candidates for the W and U ′ of the Proposition.

Let An = max
w∈Fn

‖Φ(w(γ1, . . . , γn))‖ and Bn = max
w∈Fn

‖dwΦ‖. Note that An ≤ An
1

and Bn ≤ 1 + A1Bn−1. Without loss of generality, assume that ε1 < 1/2. It is
easily verified that by Lemma 3.1

‖ψ(γ)(x)− [Φ(γ).(x− y) + y + dγΦ(ψy)]‖ ≤ 2ε1‖x− y‖

for all x, y ∈ Û and γ ∈ S.
Since ψ(γ)(ψ(γ−1)(x)) = x for all x ∈ V , for all x ∈ Û , substituting ψ(γ−1)(x)

for x in the above and rearranging gives

‖x− y − Φ(γ).(ψ(γ−1)(x)− y)− dγΦ(ψy)‖ ≤ 2ε1‖ψ(γ−1)(x)− y‖

for all x, y ∈ Û and γ ∈ S. Since dγ−1
Φ (ψy) = −Φ(γ−1).dγΦ(ψy), factoring out a

common factor of Φ(γ−1) from ψ(γ−1)(x)− [Φ(γ−1).(x− y) + y + dγ−1
Φ (ψy)] gives

‖ψ(γ−1)(x)− [Φ(γ−1).(x− y) + y + dγ−1
Φ (ψy)]‖

= ‖Φ(γ−1).[Φ(γ).(ψ(γ−1)(x)− y)− (x− y) + dγΦ(ψy)]‖
≤ 2ε1‖Φ(γ−1)‖‖ψ(γ−1)(x)− y‖
≤ 2ε1A1(‖ψ(γ−1)(x)− ψ(γ−1)(y)‖+ ‖ψy‖)

for all x, y ∈ Û and γ ∈ S. Moreover, by Proposition 3.1

‖ψ(γ−1)(x)− ψ(γ−1)(y)‖ ≤ (A1 + 2ε1)‖x− y‖

and so
‖ψ(γ−1)(x)−Φ(γ−1).(x− y)− y − dγ−1

Φ (ψy)‖
≤ ε1((2A2

1 + A1)‖x− y‖+ 2A1‖ψy‖)

for all x, y ∈ Û and γ ∈ S. By putting K1 = 2A2
1 + A1 and L1 = 2A1 the result is

true for n = 1. The remainder of the proof is by induction on n. Assume that the
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result is true for Fk where k < n. Let w ∈ Fn − Fn−1. Then there are words w1

and w2 in Fn−1 so that w = w1w2 hence, after some manipulation

‖ψ(w1w2)(x)− Φ(w1w2).(x− y)− y − d(w1w2)Φ(ψy)‖
≤ ‖ψ(w1)(ψ(w2)(x))− Φ(w1).(ψ(w2)(x)− y)− y − dw1Φ(ψy)‖+
‖Φ(w1).(ψ(w2)(x)− y)− Φ(w1).Φ(w2).(x− y)− Φ(w1).dw2Φ(ψy)‖
≤ ε1Ln−1‖ψ(w2)− y‖+ ε1Kn−1‖ψy‖+
‖Φ(w1)‖ε1(Ln−1‖x− y‖+ Kn−1‖ψy‖)

Since
∣

∣

∣‖ψ(w2)(x)− y‖−‖Φ(w2).(x− y) + dw2Φ(ψy)‖
∣

∣

∣

≤ ‖ψ(w2)(x)− Φ(w2).(x− y)− y − dw2Φ(ψy)‖

by inductive hypothesis,
∣

∣

∣‖ψ(w2)(x)− y‖−‖Φ(w2).(x− y) + dw2Φ(ψy)‖
∣

∣

∣

≤ ε1(Ln−1‖x− y‖+ Kn−1‖ψy‖)

and so on rearranging terms

‖ψ(w2)(x)− y‖ ≤ ‖Φ(w2).(x− y) + dw2Φ(ψy)‖+
ε1(Ln−1‖x− y‖+ Kn−1‖ψy‖)
≤ (An−1 + ε1Ln−1)‖x− y‖+ (Bn−1 + ε1Kn−1)‖ψy‖

Substituting, the result now follows with constants Ln and Kn given by the formulae

Ln = An−1Ln−1 +
1
2
L2

n−1 + Bn−1 and

Kn = Bn−1 + Kn−1An−1 +
1
2
Ln−1Kn−1

since ε1 was chosen less than 1/2. �

Proposition 3.3. Let V a Banach space, Γ finitely generated, φ ∈ Act1(Γ, V )
an action of Γ on V fixing 0, Φ ∈ R(Γ, GL(v)) the linearisation of φ at 0 with
B2(Γ, V ) a closed subspace of Z2(Γ, V ). There is a K > 0 so that for each U ⊂ V
a convex, bounded neighborhood of 0 , there are neighborhoods U1 ⊂ U of 0 and W ⊂
Act1(Γ, V ) of φ so that for all neighborhoods W ′ ⊂ W and convex neighborhoods
U ′ ⊂ U1 of φ and 0 respectively of the form

W ′ = {ψ ∈ W | ‖ψ(γ)(x)− φ(γ)(x)‖ ≤ ε0 and

‖dψ(γ)(x).v − dφ(γ)(x).v‖ ≤ ε1‖v‖ for all x ∈ U, v ∈ V and γ ∈ S}

and

U ′ ⊂ {x ∈ U1| ‖dφ(γ)(x).v − Φ(γ).v‖ ≤ ε1‖v‖ for all x ∈ U, v ∈ V and γ ∈ S}
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where ε0 and ε1 are greater than zero and any ψ ∈ W ′ and y ∈ U1 the 1-cochain ψy
defined by ψy(γi) = ψ(γi)(y)− y satisfies

inf
z∈Z1(Γ,V )

‖ψy + z‖ ≤ Kε1‖ψy‖.

Where ‖c‖ = max
i=1,... ,n

{‖c(γi)‖} for all C1(Γ, V )

Proof. By Corollary 2.8, there is an n > 0 ( so that

inf
z∈Z1(Γ,V )

‖ψy + z‖ ≤ ‖δ1.ψy‖n

where ‖h‖n = max
i=1,... ,n

‖h(ri)‖. Therefore, by definition

inf
z∈Z1(Γ,V )

‖ψy + z‖ ≤ max
i=1,... ,n

‖driΦ.ψy‖.

Let li = length(ri) for i = 1, . . . , n be the length of the (reduced) word ri and
N = max{li}. By Proposition 3.2, for this value of N and all neighborhoods U of 0
in V there are neighborhoods U1 ⊂ U of 0 and W ⊂ Act1(Γ, V ) of φ together with
LN > 0 and KN > 0 so that for any neighborhoods W ′ ⊂ W and U ′ ⊂ U1 of φ and
0 of the form

W ′ = {ψ ∈ Act1(Γ, V )| ‖ψ(γ)(x)− φ(γ)(x)‖ ≤ ε0 and

‖dψ(γ)(x).v − dφ(γ)(x).v‖ ≤ ε1‖v‖ for all x ∈ U, v ∈ V and γ ∈ S}

and

U ′ ⊂ {x ∈ U1| ‖dφ(γ)(x).v − Φ(γ).v‖ ≤ ε1‖v‖ for all x ∈ U, v ∈ V and γ ∈ S}

where ε0, ε1 > 0 so that

‖ψ(rj)(x)− Φ(rj).(x− y)− y − drjΦ(ψy)‖ ≤ ε1(LN‖x− y‖+ KN‖ψy‖)

for all x, y in U ′. Putting x = y and observing that ψ(rj)(x) = Φ(rj).x = x gives

‖drjΦ(ψy)‖ ≤ ε1KN‖ψy‖.

and so ‖δ1(ψy)‖n ≤ ε1KN‖ψy‖. The result now follows with K = kKN . �

This completes the preliminary results necessary for the presentation of the sta-
bility theorem. The proof follows in the next section.

Main Theorem. The proof is constructive. Propositions 2.1 and 2.2 imply there
are sections ∆0 and τ1 of the coboundary operators δ0 and δ1 respectively satisfying
‖∆i(b)‖ ≤ Li‖b‖ for all b ∈ Bi(Γ, V ) for i = 0, 1. Estimates on the size of L0 and L1

give an apriori bound on ε1 and ε0 allowing Propositions 3.2 and 3.3 to construct (via
∆1) a sequence of cocycles which are then converted into approximate fixed points
using ∆0. The bounds derived for ε0 and ε1 ensure that the elements of this sequence
remain in the neighborhood of the original fixed point where Propositions 3.2 and
3.3 are applicable. Finally, the sequence is shown to converge to a fixed point. The
result is initially proved for actions on a Banach space and the generalization to
more general Banach manifolds is shown to follow from this case.
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Theorem 3.4. Let Γ be a finitely generated group, M a C2 Banach manifold
modelled on a Banach space V , φ ∈ Act1(Γ,M) an action of Γ on M satisfying

(1) φ fixes a point p ∈ M
(2) if Φ ∈ R(Γ, GL(V )) is the linear action obtained by linearization of φ at p,

then H1(Γ, V ) = 0, where V is a Γ module via Φ

Then, p is a stable fixed point, i.e. for all neighborhoods U of p there is a neigh-
borhood W of φ in Act1(Γ, V ) so that all actions ψ ∈ W have fixed points in U .

Proof. The proof will be carried out for the case M = V . The general case will be
shown to reduce to this. By hypothesis, the images of the coboundary maps δ0 and
δ1 are Fréchet spaces. By Proposition 2.2 there is a section τ1, of the quotient map
π1 : C1(Γ, V ) → C1(Γ, V )/Z1(Γ, V ) satisfying ‖τ1(ĉ)‖ ≤ K̂‖ĉ‖ for some K̂ > 0 and
all ĉ ∈ C1(Γ, V )/Z1(Γ, V ). Define D1 > 0 by D1 = K̂K where K is the constant
whose existence is guaranteed by Proposition 3.3. Similarly, by Proposition 2.2
there is a continuous section ∆0 : B1(Γ, V ) → V of the 0-th coboundary operator
that satisfies ‖∆0(b)‖ ≤ D0‖b‖ for all b ∈ B1(Γ, V ). Let d0 > 0 be a positive real
number so that ‖δ0(v)‖ ≤ d0‖v‖ for all v ∈ V and m ∈ N so that m ≥ D1. Define
constants η0 and η1 by

η1 = D1 + D0(1 + 1/mD1) and η0 =
1 + 1/mD1

1− 1/mD1
η1

These choices are not optimal, just workable.
The next step is to construct apriori bounds on the size of neighborhoods of

φ in Act1(Γ,M) so that all actions in the constructed neighborhoods satisfy the
conclusion of the theorem. To do so, choose an ε1 > 0 so that

ε1 << min{ 1
m

,
1
η0
}.

This will remain fixed throughout the remainder of the proof. By Proposition 3.3,
there are a neighborhoods U ′ ⊂ U and W ⊂ Act1(Γ, V ) of φ respectively, so that

inf
z∈Z1(Γ,V )

‖ψx + z‖ ≤ Kε1‖ψx‖

for all x ∈ Û and ψ ∈ W ′ that are neighborhoods of 0 and φ respectively of the
form

Û ⊂ {x ∈ U ′| ‖dφ(γ)(x).v − dφ(γ)(0).v‖ ≤ ε1‖v‖ for all v ∈ V, and γ ∈ S}

W ′ = {ψ ∈ W | ‖ψ(γ)(x)− φ(γ)(x)‖ ≤ ε′0, and

‖dψ(γ)(x).v − dφ(γ)(x).v‖ ≤ ε′1‖v‖ for all x ∈ U, v ∈ V, and γ ∈ S}

respectively and ψx ∈ C1(Γ, V ) is the 1-cochain defined by ψxγ = x − ψ(γ)(x)
for γ ∈ S. Without loss of generality it can be assumed that Û is convex. Let
WU1 ⊂ Act1(Γ, V ) be the neighborhood of φ defined by

WU,1 = {ψ ∈ W | ‖dψ(γ)(x).v − dφ(γ)(x).v‖ ≤ ε1‖v‖ for all x ∈ U, v ∈ V, γ ∈ S}
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Given such a neighborhood U of 0, choose an r > 0 small enough that {x ∈ V |
‖x‖ ≤ r} ⊂ Û . Choose ε0 > 0 so that

ε0D0
ε1η0

(1− ε1η0)(1− 1/mD1)
<< r

Now let WU,0 to be the neighborhood of φ defined by

WU,0 = {ψ ∈ WU,1| ‖ψ(γ)(x)− φ(γ)(x)‖ ≤ ε0 for all x ∈ U and γ ∈ S}.

The remainder of the proof will show that given U as above, actions ψ in WU,0 have
fixed points in {x ∈ V | ‖x‖ ≤ r} where r is as above.

Given a ψ ∈ W ′, the strategy will be to construct a sequence of approximate
cocycles ψj ∈ C1(Γ, V ) which measure the failure of the j’th point to be a fixed point
and to use the apriori estimates derived in Propositions 3.2 and 3.3 to construct
true cocycles zj ∈ Z1(Γ, V ). It is then straightforward to construct approximate
fixed points xj from the cocycles zj . The apriori estimates are then shown to imply
that ‖xj‖ ≤ r for all j and that the sequence of xjs converges to x∞ which is then
shown to be a fixed point.

At the jth step, define ψj ∈ C1(Γ, V ), zj ∈ Z1(Γ, V ) and xj+1 by

ψjγ = xj − ψ(γ)(xj) for γ ∈ S.

zj = ψj − τ1(π(ψj)) and

xj+1 = xj + ∆0(zj)

where x0 = 0. Note that ψx = 0 iff x is a fixed point and since τ1(0) = ∆0(0) = 0,
a limit point of the sequence is a fixed point (assuming that the sequence converges
within the ball ‖x‖ ≤ r). The proof proceeds by induction. The idea is to show for
all j ∈ N that

‖xj‖ ≤ ε0D0
1− (ε1η0)j

(1− ε1η0)(1− 1/mD1)
≤ r

Beginning the induction at j = 0, by definition, x0 = 0 ∈ U ′ and so by Proposition
3.3,

inf
z∈Z1(Γ,V )

‖ψ0 + z‖ ≤ ε1K‖ψ0‖

hence,
‖z0 − ψ0‖ ≤ ‖τ1(π(ψ0))‖

≤ ε1D1‖ψ0‖.

Using the triangle inequality, this gives

(1− 1/mD1)‖ψ0‖ ≤ ‖z0‖ ≤ (1 + 1/mD1)‖ψ0‖

and so after substituting, into the inequality for ‖ψ0 − z0‖

‖x1‖ ≤ ‖∆0(z0)‖ ≤ D0(1 + 1/mD1)ε0 ≤ r

and so ‖x1‖ ≤ r.
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By hypothesis, ‖xi‖ ≤ r for i < j. By definition of WU,1, for all x ∈ U and
v ∈ V ,

‖dψj(γ)(x).v − Φ(γ).v‖ ≤ ε1‖v‖

,therefore by definition of δ0,

‖v − dψ(γ)(x).v − δ0(v)‖ ≤ ε1‖v‖ for all γ ∈ S and x ∈ U

so by Proposition 3.1

‖ψj − ψj−1 − δ0(xj − xj−1)‖ = ε1‖∆0(zj−1)‖
≤ ε1D0‖zj−1‖.

Expanding the left hand side of this inequality leads to the following bounds for
‖ψj − ψj−1‖

‖ψj − ψj−1 − δ0(xj − xj−1)‖ ≥ |‖ψj‖ − ‖ψj−1 − δ0(xj − xj−1)‖|
= |‖ψj‖ − ‖ψj−1 − zj−1‖|

and so the following bound for ‖ψj‖

‖ψj‖ ≤ ‖ψj−1 − zj−1‖+ ε1D0‖zj−1‖.

By construction,

‖zj−1 − ψj−1‖ ≤ ‖τ1(π(ψj−1))‖ ≤ K̂ inf
z∈Z1(Γ,V )

‖ψj−1 + z‖

and so by Proposition 3.3, this gives

‖zj−1 − ψj−1‖ ≤ ε1D1‖ψj−1‖

Again, by hypothesis, ‖xj‖ < r and so again by Proposition 3.3,

‖ψj − zj‖ ≤ ‖τ1(π(ψj))‖
≤ ε1D1‖ψj‖.

Since ε1 ≤ 1/m this gives the following bounds for zj and ψj

(1− 1/mD1)‖zj‖ ≤ ‖ψj‖ ≤ (1 + 1/mD1)‖zj‖.

Combining this inequality with the previous inequality for ‖ψj‖ provides the fol-
lowing inductive bound for ‖ψj‖,

‖ψj‖ ≤ ε1D0‖zj−1‖+ ε1D1‖ψj−1‖
≤ ε1(D1 + D0(1 + 1/mD1))‖ψj−1‖
= ε1η1‖ψj−1‖.



18 VICTOR BRUNSDEN

Rewriting this so that the bound is now in terms of ‖zj‖ instead of ‖ψj‖, gives

‖zj‖ ≤
1

1− 1/mD1
‖ψj‖

≤ ε1
η1

1− 1/mD1
‖ψj−1‖

≤ ε1η1
1 + 1/mD1

1− 1/mD1
‖zj−1‖

= ε1η0‖zj−1‖

Hence, the preceeding shows that

‖ψj‖ ≤ (ε1η1)j‖ψ0‖ ≤ (ε1η1)jε0

‖zj‖ ≤ (ε1η0)j‖z0‖ ≤ (ε1η0)j ε0
(1− 1/mD1)

The formula for ‖xj‖ follows since

‖xj+1‖ ≤ ‖xj‖+ ‖∆0(zj)‖

≤ ε0D0
1− (ε1η0)j

(1− ε1η0)(1− 1/mD1)
+ D0‖zj‖

≤ ε0D0
1− (ε1η0)j

(1− ε1η0)(1− 1/mD1)
+ D0(ε1η0)j ε0

(1− 1/mD1)

= ε0D0
1− (ε1η0)j+1

(1− ε1η0)(1− 1/mD1)

and so ‖xj‖ ≤ r for all j ∈ N and the sequence {xj}∞j=0 is Cauchy. Therefore there
is an x∗ ∈ Br(0) so that xj → x∗ as j →∞. As ψj → ψx∗ as j →∞ and ψj → 0,
it follows immediately that x∗ is a fixed point for ψ.

The general case follows by observing that the preceding argument as well as
those of Propositions 3.2 and 3.3 are local and so apply to germs of Γ actions.
Therefore, by restricting the neighbourhood of the fixed point to be contained in
a coordinate chart, the preceeding argument can be applied, to the germ of the
Γ action obtained by restricting φ to this neighborhood. This gives the general
case. �

The following Corollary could have been proven by an implicit function theorem
argument, though this would not have shown the connection to the more general
theory for actions of finitely generated groups.

Corollary 3.5. Let M , V , Γ, φ and p be as in Theorem 3.4 and assume Γ is finite.
Then for each neighborhood U of p in M there is a neighbourhood W of φ so that
each ψ ∈ W has a fixed point in U .

Proof. Since Hi(Γ, V ) = 0 for all i > 0, the result follows. �

4. Applications

The stability theorem of the previous chapter is applied to provide a partial
verification of a conjecture of Zimmer [15]. This is to the effect that if M is a
smooth, closed, manifold, Γ a finitely generated group acting smoothly on M via
an action φ ∈ Act∞(Γ,M), then if H1(Γ, D∞(M)) = 0 then φ is locally rigid in
Act∞(M).
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Generalizations of Weil’s Local Rigidity Theorem. Theorem 3.4 and its
Corollaries may be used to generalise Weil’s criterion for local rigidity of represen-
tations of a finitely generated group in a Lie group. This argument was first noticed
by Fleming [7]. We reproduce the argument here for completeness. Define a topo-
logical group G to be a Cr almost Lie group (or almost Lie group for short) if G is
a Cr Banach manifold with model Banach space V as well as a topological group.
Note that it is not assumed that multiplication and inversion are Cr maps. Exam-
ples of such groups are Diff r(M) for 1 ≤ r < ∞, M is a smooth, closed manifold. Of
course, any Lie group G is an almost Lie group as is Cr(M,G) where again, M is a
smooth closed manifold and G is any Lie group. A Cr almost Lie group pair (G,H)
consists of Cr almost Lie groups G and H together with a continuous group homo-
morphism ι : H → G that is an injective immersion of H into a subgroup of G so
that for each h ∈ H the map Adι(h) : G → G defined by Adι(h)(g) = ι(h)gι(h−1) is
a C1 map. An example of a pair (G, H) is of course (Diff r(M),Diff r+1(M)) for M
a smooth, closed manifold. Also (Cr(M, G), Cr+1(M, G)) is an example of a pair.
In both examples, the homomorphism ι is induced by the inclusion Cr+1 ↪→ Cr.
The “canonical” example is (Diff r(M),Diff r+1(M)). It is also apparent that if G
is an “honest” Lie group then (G,G) is also an almost Lie group pair. Theorem
3.4 can be applied to prove a local rigidity result for representations of a finitely
generated group Γ as follows.

Theorem 4.1. Let Γ be a finitely generated group, (G,H) an almost Lie group
pair and φ ∈ R(Γ,H) a representation satisfying H1(Γ, TeG) = 0, then there is a
neighborhood U of φ in R(Γ,H) so that any ψ ∈ U is conjugate to φ via an element
of G. The action of Γ on TeG is given by

v ∈ TeG 7→ dAdι(φ(γ))e.v

for all γ ∈ Γ and v ∈ TeG.

Proof. Define ED : R(Γ,H) → Act1(Γ, G) by

ED(ψ) 7→ Ψ ∈ Act1(Γ, G) where Ψ(γ)(g) = ι(ψ(γ))gι(φ(γ−1))

It is a matter of checking the definitions to see that ED is a continuous function
from R(Γ,H) to Act1(Γ, G). Moreover, ED(φ) has a fixed point at e ∈ G with

d(ED(φ))(γ)(e).v = dAdι(φ(γ))(e).v for all γ ∈ Γ and v ∈ TeG.

By hypothesis, H1(Γ, TeG) = 0 and so by Theorem 3.4 for each neighborhood U of
e in G there is a neighborhood W of Adι(φ) in Act1(Γ, G) where each Ψ ∈ W has
a fixed point g0 ∈ U . By the continuity of ED, W = ED−1(W ) is an open subset
of R(Γ,H) and so for all ψ ∈ W there is a g0 ∈ G with

g0 = ψ(γ)g0φ(γ−1)

for all γ ∈ Γ. This g0 provides the required conjugacy. �

This has the following Corollaries.
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Corollary 4.2. Let G be a Banach Lie group with TeG = g(G), Γ a finitely gen-
erated group and φ ∈ R(Γ, G) a representation of Γ with H1(Γ, g) = 0 then φ is
locally rigid in R(Γ, V ).

The following Corollary of Theorem 4.1 is a partial verification of Zimmer’s
conjecture that the conclusion of Weil’s local rigidity theorem is true if the Lie
group G and its Lie algebra g(G) are true if they are replaced by Diff∞(M) and
D∞(M) respectively, where M is a smooth closed manifold.

Corollary 4.3. If M is a smooth, closed manifold and Γ is a finitely generated
group acting on M via φ ∈ Actr(Γ,M) satisfying H1(Γ, Dr−1(M)) = 0 then there
is a neighborhood U of φ in Actr(Γ,M) so that every ψ ∈ U is conjugate to φ via
an element of Diff r−1(M).

Proof. Since Diff r(M) is an almost Banach Lie group and the action of Diff r(M)
on Diff r−1(M) via conjugation is C1, this reduces to an application of Theorem
4.1. �

This result generalises Theorem 1 of [7]. The hypotheses of the above are weaker
in that Γ is only required to be finitely generated rather than finitely presented and
the vanishing of H1 implies the closed range condition imposed by Fleming, by
Theorem 2.4. Unlike Fleming’s result, this reduces to Stowe’s theorem in the finite
dimensional case. The final result is an application of the above to the case of a
finite group action. This parallels a result of Palais [11]

Corollary 4.4. With M as above and Γ a finite group, then any φ ∈ Actr(Γ,M)
is locally rigid.

Proof. This follows by combining Cor. 4.3 with the observation that H1(Γ, V ) = 0
for a Γ module V possessing the structure of a real vector space. �
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