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1 INTRODUCTION

The divisibility and factorization theory of the integers and of the ring of poly-
nomials (in one variable) over the integers are standard topics in a first course in
abstract algebra. Concepts such as prime, irreducible, and invertible elements,
unique factorization, and irreducibility criteria are extensively studied and are
part of the core of the course. On the other hand, the natural extension of the
ring of polynomials R[z] over R, namely the ring R[[z]] of formal powers series
in one variable over R, is hardly ever mentioned in such a course. In most cases,
it is relegated to the homework problems (or to the exercises in the textbooks),
and one learns that, like R[z], R[[x]] is an integral domain provided that R is an
integral domain. More surprising is to learn that, in contrast to the situation of
polynomials, in R[[z]] there are many invertible elements: while the only units
in R[z] are the units of R, a necessary and sufficient condition for a power series
to be invertible is that its constant term be invertible in R. This fact makes the
study of arithmetic in R[[z]] simple when R is a field: the only prime element is
the variable z. As might be expected, the study of prime factorization in Z[[z]]
is much more interesting (and complicated), but to the best of our knowledge
it is not treated in detail in the available literature.

After some basic considerations, it is apparent that the question of deciding
whether or not an integral power series is prime is a difficult one, and it seems
worthwhile to develop criteria to determine irreducibility in Z[[z]] similar to
Eisenstein’s criterion for polynomials. In this note we propose an easy argument
that provides us with an infinite class of irreducible power series over Z. As in the
case of Eisenstein’s criterion in Z[z], our criteria give only sufficient conditions,
and the question of whether or not a given power series is irreducible remains
open in a vast array of cases, including quadratic polynomials.

It is important to note that irreducibility in Z[z] and in Z[[z]] are, in general,
unrelated. For instance, 6 + x + 2 is irreducible in Z[x] but can be factored in
Z[[z]], while 2 + Tz + 322 is irreducible in Z[[z]] but equals (2 + z)(1 + 3x) as a
polynomial (observe that this is not a proper factorization in Z[[z]] since 1 + 3z
is invertible). For some particular quadratic polynomials we are able to answer
the question of irreducibility, but we leave (among many others) some questions
for further research: Is there a definite criterion to decide whether a quadratic



polynomial is irreducible in Z[[z]]? Is there an algorithmic method that decides
this question in a finite number of steps? If so, what is its complexity? In
order to get acquainted with the difficulty of these questions, we encourage the
reader to analyze the simple polynomial a(x) = 4 + 4z + ax? with a € Z.
Obviously, a(z) is reducible when « is an even number, and it can be easily
seen to be irreducible when o = 3 (mod 4). However, if « = 1 (mod 4), the
situation is more complicated except when o = 1 (in which case a(x) factors
as (2 + x)?). Using a computer algebra system (such as MAPLE), one can
prove that the polynomial 4 + 4z + az? is irreducible in Z[[z]] when o =5 or 9
(mod 16), and with some extra effort, one can also check that a(x) is irreducible
for « =13 (mod 32) and for a = 17. On the other hand, it can be shown that
the polynomial 4 + 42 + 2922 is reducible as a power series.

We finish this introduction mentioning that all the above discussion makes
sense because the ring Z[[z]] is a unique factorization domain (UFD). This fact
is by no means as well known as the fact that Z[z] is a UFD, and its proof is
not found in most of the introductory abstract algebra textbooks. Again, the
situation here is different from that in Z[z]: it is known that R[z] is a UFD
when R is a UFD, but it was shown by Samuel in [6] that it is possible for R[[z]]
not to be a UFD even if R is one. On the bright side, if R is a principal ideal
domain (PID), then R[[z]] is a UFD. This is the reason why our object of study,
Z[[x]], is indeed a UFD. In fact, many of the results in this article also work for
other familiar PIDs such as the Gaussian integers.

In the hope that this note may be used as a basis for further exploration
of the subject, and for the reader’s convenience, we have made the article self-
contained and strived to make it accessible to anyone with a little background
in abstract algebra. Our proof that Z[[z]] is a UFD follows the guidelines of [5].
For a more extensive treatment of the conditions that might be imposed on R
in order for R[[z]] to be a UFD, the reader is referred to [2], [4], and [7].

2 INTEGRAL DOMAINS

An integral domain D is a commutative ring with 1 # 0 and the property that
ab =0 implies a =0 or b= 0 for all a,b € D.

Definition 2.1 Let D be an integral domain.
(a) An element u € D is called a unit if there exists v € D such that uv = 1.

(b) Suppose r € D is nonzero and is not a unit. Then r is called irreducible in
D if r = ab implies a or b is a unit. Otherwise r is said to be reducible.

(¢) A nonzero element p is said to be prime if it is not a unit and p | ab implies
plaorp|bfor all a,b e D.

(d) Two elements a and b of D such that a = ub for some unit v € D are said
to be associate in D.



(e) We say that D is a unique factorization domain (UFD), or simply that D is
factorial, if every nonzero element m € D which is not a unit can be written
as a (finite) product of irreducible elements. Moreover, this factorization
is unique in the following sense: If m =t;---t; and m = s;---s; are two
factorizations of m into irreducibles, then k = j and there is a permutation
o of {1,...,k} such that t; and s,(;) are associates for 1 <i < k.

Proposition 2.2 If p € D is prime, then p is irreducible.

Proof. Assume that p = ab. Since p is prime, we have p|a or p|b, say p|a.
Then p = ab = pgb for some ¢ € D, and so p(1 — gb) = 0. Since D is an integral
domain and p is not zero, we have that 1 = ¢b, that is, b is a unit. [l

Proposition 2.3 If D is a UFD and p € D 1s irreducible, then p is prime.

Proof. Let D be a UFD and p € D irreducible. Suppose that p|ab. Write a
and b as finite products of irreducibles. The product of these two factorizations
is the unique (up to associates) factorization of ab. Since p|ab, it follows that
p is associate with at least one of the irreducible elements in the factorization
of ab, implying that p|a or p|b. O

3 POWER SERIES

Let D be an integral domain. The set D[[z]] of formal power series in the
indeterminate x over D is defined to be the set of all formal infinite sums

oo
E ant"” = ag + a1 + asx® + azx® + - -
n=0

with a; € D for all j =0,1,2,....

Addition and multiplication of power series are defined by extending the
usual addition and multiplication rules for polynomials, namely, term-by-term
addition

i anx” + i bz = i(an + by)z",
n=0 n=0 n=0

and the Cauchy product

(i anx"> X (i bnx"> = i< Y akbnk)x”.
n=0 n=0 n=0 “k=0

Provided with these two operations, D[[z]] is an integral domain — a commuta-
tive ring with identity 1 # 0 and no zero divisors.

Proposition 3.1 A formal power series a(x) = > anz™ € Dl[x]] is invertible
if and only if ag is invertible in D.



Proof. If a(x) is a unit in D][z]], there exists b(x) € D[[x]] such that a(z)b(z) =
1. In particular, agbg = 1, and so ag is a unit in D.

Conversely, assume that ag is a unit in D. In order for a(z) to be invertible,
we must find b(z) = Y b;z? € D[[z]] satisfying the relation a(x)b(z) = 1. Thus
the following (infinite) system of equations must hold:

1= aobo
0 = agby + a1bg
0 = agbs + a1b1 + a2bg

0= aobn + Z ajbn,j

Jj=1

If we define inductively
bo = aal,
by, = —ao_lzajbn_j forn=1,2,...,
j=1

we get a(z)b(x) = 1, thus a(x) is indeed a unit. O

Proposition 3.2 If p is prime in D, then p is prime in D[[z]].

Proof. Let c(x) = a(x)b(z) with a(x), b(z) € D[[z]]. Assume that p|c(z) but
p does not divide b(z). Let m be the smallest power of z such that p does not
divide the coefficient b,,. Since ¢, = agb,, + Z;nzl a;bm—j, and since p|cm,
and p]| E;nzl a;bm—j, we conclude that p|ag. By induction, suppose that p
divides a; for all j < k. Now, the coefficient ¢,y = Z;":Jgk a;jbm+r—; can be
conveniently rearranged as

Cm+k = aby + E aibj + E aibj.
i+j=m+k i+j=m+k
i<k j<m

By our hypotheses, p|cmyr, p|a; for all i < k, and p|b; for all j < m. There-
fore, p | agby, and thus p|ay. In conclusion, p must divide a(z). O

Here is an easy criterion to find irreducible elements in D][x]].

Proposition 3.3 If ag is prime, then a(z) is irreducible.



Proof. Let a(z) = p(x)q(z) with p(x), ¢(z) € D[z]]. In particular, ap = pogo.
Since ag is prime, it follows that either pg or qo is a unit in D, so either p(x) or
q(z) is invertible in D[[z]]. O

We now focus on the case when D = Z, the set of integer numbers.

Proposition 3.4 Let a(z) € Z[[x]] be a non-invertible element. If ag is not a
prime power, then a(x) is reducible.

Proof. We will find power series p(x) = > ppaz™ and q(x) = > gna™ in Z[[x]]
such that a(x) = p(x)q(x).

First of all, recall that as a consequence of the Euclidean algorithm for finding
the greatest common divisor ged(m,n) of two integers m and n, one can find
(infinitely many) integers a and 3 such that ged(m,n) = ma + ng.

Since ag is not a prime power, it can be written as the product of two non-
invertible integers, say ap = mn, with gcd(m,n) = 1. Let «, 8 € Z be such that
1 =ma+ np. Then a(x) can be factored by means of the following inductive
algorithm. Let pg = m and qg = n. Since a; = maa; + nfBaq, if we set

p1 = Bar and ¢q1 = aaq,

then we get a1 = poq1 + p1qo, as desired. Once pg, qo, p1, and ¢ are defined,
we can solve az = pog2 + p1q1 + p2qo, or equivalently,

a2 — P1q1 = Pogz + P2go = Mgz + npa,
by using again the relation 1 = ma + nf and setting
p2 = Blaz —p1q1) and g2 = a(az — p1q1).

For j =3,4,5,..., we proceed inductively and define

j—1 j—1
pj =4~ <Gj - Z]Wc%’—k) and ¢; = a <aj - ZPk‘b’—k) :
k=1 k=1
With these coefficients, we obtain the desired factorization a(z) = p(x)q(x). O

In the remaining part of this section we will prove that Z[[z]] is a unique
factorization domain. As mentioned in the introduction, this fact does not
appear explicitly in most introductory algebra books. For this reason, we give
here a complete proof following ideas from the book by Kaplansky [5].

The central result of this section is Theorem 3.7, which will be proven with
the help of the following two propositions.

Proposition 3.5 If every non-invertible nonzero element of an integral domain
R can be written as a (finite) product of primes, then R is a UFD.



Proof. Since every prime is irreducible, we only need to prove uniqueness of the
factorization. Let m € R be nonzero and non-invertible, and suppose that m =
t1-- -t and m = s1 - - 55 are two factorizations of m into irreducible elements.
Since t; is prime, we have (after rearranging the factors, if necessary) that ¢; | s1,
which implies that ¢; is associate to s;. Since R is a domain, we obtain that
to-- -ty and sa - - - 55 are associates, and by induction in £ we conclude that k = j
and that so,...,s; is a permutation of associates of ¢, ..., ;. Thus uniqueness
follows. (I

Proposition 3.6 (Krull) Let S be a nonempty multiplicatively closed set that
does not contain 0 in a ring R, and let I be an ideal in R mazximal with respect
to the property that INS = @. Then I is prime in R.

Proof. Recall that an ideal P is prime if it is proper and ab € P implies a € P
or b € P. Let I be an ideal of R maximal with respect to the property that
INS = @. Suppose that I is not prime. Then there exist a,b in R such that
adlandb¢g I, but ab € I. The ideal (I,a) is larger than I and so (I,a) NS
is not empty. Take s € S such that s = m + za, with m € I and = € R.
Similarly, we can find ¢t € S such that t = n + yb, with n € I and y € R. Then
st = mn 4+ mya + nxa + abry € I, hence st ¢ S, which implies that S is not
multiplicative closed. O

Theorem 3.7 An integral domain R is a UFD if and only if every nonzero
prime ideal P in R contains a prime element.

Proof. Let R be a UFD and P a nonzero prime ideal. Then P contains an
element a that is neither 0 nor a unit. When a is factored as a product of
primes a = p; - - - p¢, one of the factors must be contained in P.

Conversely, assume that every nonzero prime ideal in R contains a prime
element. Let S denote the set that consists of all products of prime elements and
all units. Clearly, S is a multiplicatively closed set not containing 0. Moreover,
it can be easily shown by induction that if ab € S, then a and b both lie in S.

By Proposition 3.5, it suffices to show that S contains all nonzero elements of
R. Let ¢ be such an element of R. If we suppose that ¢ € S, then the principal
ideal generated by c is disjoint from S. By Zorn’s lemma, ¢ is contained in
an ideal that is maximal with respect to the property of being disjoint from
S. By Proposition 3.6 this ideal is prime and must contain a prime element; a
contradiction. Thus ¢ € S and R is a UFD. (]

Theorem 3.8 The ring Z[[z]] is a UFD.

Proof. We will show that every nonzero prime ideal in Z[[z]] is generated either
by x, or by p and x with p prime, or by a(z) with a(x) prime. Hence every
nonzero prime ideal in Z[[z]] contains a prime element, and therefore the state-
ment of the theorem is a direct consequence of Theorem 3.7 with R = Z[[z]].
Let P be a prime ideal in Z[[z]] different from (0). We analyze two cases:
x € Porx¢ P. Assume first that € P. If P = (z) we are done. Otherwise,



there exists a(z) € P with ag # 0. Then ag = a(z)—z(a1+azr+azx®+---) € P.
Since P is a proper ideal, ag is not a unit in Z and can be factorized as a product
of primes, with at least one of them in P. Call this prime p. Then (p,z) C P.
On the other hand, if b(z) € P and by # 0 then, as above, by € P. If p does
not divide by, then ged(bg, p) = 1 € P, which is a contradiction. It follows that
plby and P = (p, z).

Suppose now that « ¢ P. If a(x) is a nonzero element in P, we can write
a(z) = a™(bo + bix + bex? + --+) with by # 0. Since P is prime and z ¢ P,
it follows that by 4+ byx + box? 4+ --- € P. Then the image P* of P under the
natural projection Z[[z]] — Z: a(z) — ag is a nonzero ideal in Z, say P* = (q).
Choose ¢(z) € P with go = gq. We first claim that ¢ is a prime power. Using
an argument by contradiction, suppose not. Then ¢ = st with s and ¢ non-
invertible and ged(s,t) = 1. Following the reasoning in Proposition 3.4, we see
that ¢(x) = s(x)t(x) with so = s and to = ¢t. One of these factors must lie in P,
say s(x). But then ¢|sg, which is impossible by our assumption on ¢g. Thus ¢
must be a prime power.

We now show that P = (g(z)). Let bi(z) € P. Then b1(z) — kig(x) =
xbo(z) € P for some ky € Z. Since x € P, we have that bo(z) € P. Similarly,
there exists ko € Z such that by(x) — kog(z) = xb3(x) € P. Continuing this
argument we obtain

bi(z) = k1g(x) + aba(z) = k1q(x) + z(kog(z) + 2bs(x)) = - -
= q(x) (k1 + kox + kg2 + - +).

4 ITRREDUCIBILITY CRITERIA

In this section we present some irreducibility criteria beyond the ones discussed
in the previous section. We already know that if ag is a prime number in Z, then
a(x) = apz™ is irreducible in Z[[z]]. Also, if ap = pg with ged(p, ¢) = 1, then
a(x) is reducible. It only remains to understand the situation when ag = p#
for some prime number p and a positive integer p > 1. To keep our exposition
short, we will only consider the case when ag = p?.

Suppose that a(x) = Y a,a™ is an element of Z[[x]] with ag = p? for some
prime p. If a(z) = (3] bra™) (>  cpz™) with |bg| # 1 and |cg| # 1, then by = ¢ =
+p and so a; = +p(by + ¢1). In other words,

‘if p does not divide aq, then a(x) must be irreducible‘

Clearly, if a(x) = p? + ai1x then a(x) is irreducible if and only if p fa;.
However, for polynomials of higher degree this condition is sufficient but not
necessary. For instance, it is easy to check that 4 + 2z 4 322 is irreducible.

A corresponding criterion for polynomials of the form p? + a1z + agx? with
p|a; and p fas does not hold. Note that, for instance, 4 — 22 and 4 + 42 + 2>
can both be factored, while 4 + 4z + 322 is irreducible. However, for quadratic
polynomials, we have the following criterion.



Lemma 4.1 Let a(x) = Y. a,a™ with ag = p? for some prime p and assume
that p|ai. If as Z af (mod p) for every a, B € Z/pZ such that a1/p = o+ 3
(mod p), then a(x) is irreducible.

Proof. If a(x) = (O] bna™) (> cpa™) with |bg| # 1 and |co| # 1, then a1 =
+p(by + ¢1). Let @« = +by (mod p) and 8 = ¢ (mod p). Hence a1/p=a+
(mod p) and a2 = af (mod p). O

The special case when p = 2 is particularly simple. Consider a(z) = 4 +
a1z + azx? with 2|a; and 2 fas. If a1/2 =a+ 3 =1 (mod 2), then a and 3
have different parity which implies that 8 = 0 (mod 2). Since af = as £ 0
(mod 2), we must have that a(z) is irreducible.

For an odd prime p we have the following “familiar” criterion. Suppose
that ag = p? and that a(x) = Y a,2" is reducible. By Lemma 4.1 there exist
numbers «, 3 € Z/pZ with a;/p = a + B (mod p) and such that as = af
(mod p). Hence

(a1/p)? —4as = (a + B)? —4af = (a — $)* (mod p)

so that (a1 /p)? — 4asg is a quadratic residue (mod p). In other words,

‘if (a1/p)? — 4az is a quadratic non-residue (mod p), a(x) is irreducible‘

According to our criteria, the polynomial a(z) = p? + a2 + agz? with p|a;
can be verified to be irreducible in the following situations:

[p] a/p | az |

3 0 (mod p) 1 (mod p)

3 | £1 (mod p) 2 (mod p)

5 0 (mod p) 2 or 3 (mod p)

5| £1 (mod p) 1 or 2 (mod p)

5 | £2 (mod p) 3or4 (mod p)

7 0 (mod p) | 1 or 2 or 4 (mod p)
7 | £1 (mod p) | 3or 4 or 6 (mod p)
7| £2 (mod p) | 2 or 3 or 5 (mod p)
7| £3 (mod p) | 1 or 5 or 6 (mod p)

The following lemma gives an irreducibility criterion in Z[[z]] that covers, in

particular, polynomials of degree 3 and 4 with ag = p?.

Lemma 4.2 Let a(x) = Y a,a™ with ag = p? for some prime p and assume
that p?| a1 and p|az. If p does not divide asz, then a(z) is irreducible. Fur-
thermore, if plas and if ay £ af (mod p) for every o, € Z/pZ such that
as/p = a+ f (mod p), then a(x) is irreducible.



Proof. Tfa(x) = (O] bpa™) (3 cna™) with |bg| # 1 and |c| # 1, then by = ¢y =+p,

a] = :Ep(bl =+ Cl),
az = £p(b2 + c2) + bicy,
asz = :Izp(bg + 03) + bicg + bocy.

If p|ag, then p|bicy so that p|by or p|c;. Further, p? | a; implies that p| (b1 +
¢1). Thus p must divide both b; and ¢, hence p|as. So a(x) is irreducible if
p fas.

To prove the second statement note first that since bjc; = 0 (mod p?), we
have as/p = +(b2 + ¢2) (mod p). Let a = by (mod p) and § = +co (mod p).
Since ag = £p(by + ¢4) + bics + baca + bscr, and since by = ¢; =0 (mod p), we
have a4 = a8 (mod p). O

The condition p? | a; alone cannot be relaxed to just p|a;. Note that the
cubic polynomial p? + pz + pr? + 3 can be factorized as (p+z)(p+22). On the
other hand, the polynomial 9+ 3z + 323 + 2* factors as (3+ )(3 + 23) although
the conditions on the third and forth coefficients from Lemma 4.2 are satisfied.

The previous lemma can be generalized as follows.

Theorem 4.3 Let a(z) = > anz™ with ag = p? for some prime p. Assume that
for some m we have p*|a; for j =1,...,m, and p|a; for every even number
je{m+1,...,2m}. If p does not divide azm+1, or if p| agm+y1 but agmi2 £ af
(mod p) for every «, 3 € Z/pZ such that am+1/p = o+ 3 (mod p), then a(x)
is irreducible.

Proof. Assume a(xz) = (O] bpa™) (>  epz™) with |bg| # 1 and |cg| # 1. Thus
by = ¢ = £p, and every coefficient of a(z) is of the form

J j—1
a; = Zbij_k = :Izp(bj + Cj) + Z bij_k.
k=0 k=1

We will prove that our assumptions on the coefficients of a(z) imply

plb; and ple; for j=1,...,m. (1)
But this implies p | agy,+1 since
aom+1 = TP(bamt1 + camt1) +b1cam + -+ + bmCmt1 + bmt16m + - - + bamer.

Thus, if p fazm+1, then a(z) is irreducible as claimed.
Moreover, if (1) holds, then

Zbkcmﬂ,k =0 (mod p?)
k=1



and 80 am41/p = £(bm+1 + ¢my1) (mod p). Let o, 8 € Z/pZ be such that
a = +byy1 (mod p) and S = +¢my1 (mod p), 80 ami1/p = a+ B (mod p).
Since

aom+2 = £p(bam+2 + Camt2) + b1comi1 + -+ + bmgiCmir + - -+ + bamgica,

relation (1) implies that asmi2 = af (mod p). Thus, if agmi2 Z af (mod p)
for every «, 8 € Z/pZ such that a;mi1/p = a+ f (mod p), then a(x) must be
irreducible.

We now proceed to prove (1). Assume it is false, and let & < m be the
smallest index for which p fbg or p fci. Thus p|bj and p|c;forj=1,...,k—1.
Since

ar = £p(br + c) + bicg—1 + -+ + bg_11

and p? | ai, we must have that p| (bx 4 c). On the other hand, since
agx = £p(bak + cax) + b1cog—1 + -+ breg + -+ b1

and p | agk, we also get p|bgcr. But this implies p | by and p|cg, which gives a
contradiction to the assumption that (1) does not hold. O
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